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GENERALIZATIONS OF SOME INEQUALITIES FOR THE 
p-GAMMA, g-GAMMA AND fc-GAMMA FUNCTIONS 

KWARA NANTOMAH, EDWARD PREMPEH 


Abstract. In this paper, we present and prove some generalizations of some 
inequalities for the p-Gamma, g-Gamma and fc-Gamma functions. Our ap¬ 
proach makes use of the series representations of the psi, p-psi, q-psi and k-psi 
functions. 

1. Introduction 

We begin by recalling some basic definitions related to the Gamma function. 


The Psi function, is defined as, 




t > 0. 


where r(t) is the classical Euler’s Gamma function defined by 


m = f 


e “x* ^ dx, t > 0. 


The p-psi function, ippit) is defined as, 

where rp(t) is the p-Gamma function defined by (see [3], [2] 


t > 0. 


^p(t) — 


p\p* 


P 


t ^ ’ 


t{t + 1)... {t +p) f(l + |)... (1 + i) 


p € N, t > 0. 


The g-psi function, is defined as. 




t > 0. 


where rq(t) is the q-Gamma function defined by (see [S]) 


r,(f) = (i-g)i-‘n 


1 - g" 
1 - g*+" 


q G (0,1), t > 0. 


Similarly, the A:-psi function, 'ipkit) is defined as follows. 

t > 0. 




( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 

( 7 ) 
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where rfe(<) is the fc-Gamma function defined by (see [I], [ 6 ] ) 


r/c(t) = / e ^^ dx, fc > 0, t > 0. (8) 

Jo 

In [4], Krasniqi and Shabani proved the following results. 

p-ig-7tr(Q,) r(a + t) + 1 ) 

rp(a) ^rp(a + t)^ rp(a + l) 

for t G ( 0 , 1 ), where a is a positive real number such that a + t > 1 . 

Also in [2], Krasniqi, Mansour and Shabani proved the following. 

(l-g)*e-^*r(a) T{a + t) (1 - g)«-ie^(i-*)r(a + 1) 

r,(a) ^Tgia + t)^ r,(a + l) ^ ^ 

for t G ( 0 , 1 ), where a is a positive real number such that a + t > 1 and q G ( 0 , 1 ). 

In a recent paper [7], K. Nantomah also proved the following result. 

k-ie-<^)T{a) r{a + t) + 1 ) 


< 


< 


rfe(a) Tkia + t) 

for t G (0,1), where a is a positive real number. 


rfc(a + l) 


( 11 ) 


The main objective of this paper, is to establish and prove some generalizations 
of the inequalities dini) and (ED as previously established in i, [2] and [7] 
respectively. 


2. Preliminaries 

We present the following auxiliary results. 

Lemma 2.1. The function tp{t) as defined in ([I]j has the following series represen¬ 
tation. 


i}{t) = - 7 + (t- 1 )^ 


rf^o i^ + ri)in-Gt) 


= -7-t + E 


t n(n + t) 

n=l ^ ' 


( 12 ) 


where 7 is the Euler-Mascheroni’s constant. 


Proof. See [ 8 ]. 

Lemma 2.2. The function 'ifp{t) as defined in has the following series repre¬ 
sentation. 

= Inp-^(13) 

n—0 

Proof. See [4]. 

Lemma 2.3. The function 'f’qit) as defined in {3) has the following series repre¬ 
sentation. 

00 t+n 

ifqit) = - ln(l - g) + Ing ^ ^ ^ (14) 

n=0 ^ 


Proof. See [2]. 
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Lemma 2.4. The function ifkit) as defined in & also has the following 
representation. 


ipk{t) = 


In fc — 7 1 


1 V i 

t ^ nk(nk + t) 

n—1 ^ ' 


series 

(15) 


Proof. See [7] 


3. Main Results 
We now state and prove the results of this paper. 

Lemma 3.1. Let a > 0, b > 0 and t > 1. Then, 

07 + b\np + a'lfft) — biljp{t) > 0 

Proof. Using the series representations in equations m and 0 we have, 

00 ^ P ^ 

07 + b\np + aif{t) - bifpif) = alt - 1 ) X! , \( i ^ 


Lemma 3.2. Let a > 0, 5 > 0 and a-\- fit > 1 . Then, 

07 + 61 np + atj;{a + fit) — bifp{a + fit) > 0 
Proof. Follows directly from Lemma l3.II 
Lemma 3.3. Let a > 0, 5 > 0, g G (0, 1 ) and t > 1 . Then, 

07 — 61 n(l — q) + atflt) — bifqft) > 0 

Proof. Using the series representations in equations m and (HI we have, 

00 00 

aj-bHl-q) + af;{t)-bMt) = ^(^- 1 ) E (1 + nlfn + U ^ 1 - o*+» ^ ° 

n=0 V V n -r ; q 


Lemma 3.4. Let a > 0, 6 > 0, g G (0, 1) and a + fit > 1. Then, 
07 — 61n(l — g) + a'tf{a + fit) — btfq{a + fit) > 0 
Proof. Follows directly from Lemma 13.31 
Lemma 3.5. Let a > b > 0, k > 1 and t > 0. Then, 

■ atfft) — bifkit) > 0 


fcay — 67 b , , a — b 


Proof. Using the series representations in equations m and (HSI we have, 

1 1 


ka'y — &7 6 , , a — b ,,, , , , , 

-;- -+- In/cH- \-aiflt)—bifklt) = t 

k k t 


n—1 


-^E 


n{n + t) nk{nk + t) 


> 0 


Lemma 3.6. Let a > b > 0, k > 1 and a + fit > 0. Then, 

YL - 2 infc + ——^ + atf{a + fit) — b'ifi,.{a + fit) >0 

k k a + pt 

Proof. Follows directly from Lemma [?75] 
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Theorem 3.7. Define a function D, by 


n{t) 


+ ptY 

rp(a + ptY 


t e (0, oo), p € N 


(16) 


where a, b, a, (3 are positive real numbers such that a+ftt > 1. Then is increasing 
on t G (0, oo) and for every t € (0,1), the following inequalities are valid. 


p-bpt^-aMtyi^aY T{a + ptY +/ 3 )“ 

rp(a)'' ^Tp{a + f3tY^ Tp^a + fiY 

Proof. Let f{t) = lnr2(t) for every t G (0, oo). Then, 

pbpt^aP^tYU +PtY 
"" Tp{a + f3tY 

= bftlnp + + olnr(a + (3t) — 61nrp(a + fit) 

Then, 

f'{t) = aft^ + bfd Inp + a/SYia + fit) — bfYpict + ft) 

= P [ay + 61np + ai/)(a + ft) — bYpice + ft)] > 0. (by Lemma[3^ 


That implies / is increasing on t G (0, oo). Hence H is increasing on t G (0, oo) and 
for every t G (0,1) we have, 

H(0) < n{t) < H(l) 

yielding the result. 


Theorem 3.8. Define a function f by 


Y{t) 


(1 _g)-b/3te“/5T'‘r(a + ^f)“ 

rg(a + ft)'’ 


t G (0, oo). 


9e(o,i) 


(18) 


where a, b, a, f are positive real numbers such that a+ft > 1. Then f is increasing 
on t G (0,oo) and for every t G (0,1), the following inequalities are valid. 


(1 - g)^^‘e-“^^‘r(a)“ ^ r(a + ft)’’ ^ (1 - + f)” 

r,(a)'> Tg{a + ftY ^ Tgia + fY ' ^ 

Proof. Let g{t) = \nY{t) for every t G (0, oo). Then, 

(1 - + ft)” 

Tgia+ ft)'> 

= —bft\n{l — q) + afjt + alnr(a + ft) — 61nrq(a + ft) 

Then, 

g'{t) = —bf ln(l — q) + afj + afYfot + ft) — bfYq{a + ft) 

= f [ay — 61n(l — q) + ai/>(a + ft) — bYq{ot + ft)] > 0. (by Lemma IXH) 
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That implies g is increasing on t S (0, oo). Hence (j) is increasing on t S (0, oo) and 
for every t £ (0,1) we have, 

0(0) < 0(t) < 0(1) 

yielding the result. 


Theorem 3.9. Define a function 6 by 


m = 


(a + /3t)(“ ^ ^^r(a + /3t) 


k--^Tk{a- 


-fitf 


t £ (0, oo), k > 1 (20) 


where a, b, a, fi are positive real numbers such that a > b. Then 9 is increasing on 
t £ (0, oo) and for every t £ (0,1), the following inequalities are valid. 


^ Tja + fitr ^ (a + +/3)“ 


{a + l3tfi^-f>)k^Tkia)f> Tk{a + fit)’^ (a + 0t)(“-'')fc^(*-i)rfe(a + 0)'> 


( 21 ) 


Proof. Let h{t) = ln6*(t) for every t £ (0,oo). Then, 

(« + /3t)(-'>)e*(^^^'^^)r(a + /3t)“ 


h{t) = In ■ 


fc-Trfe(a + /3t)'' 


! nw , 1. , .fka/3j-b/3j 

= (a — b) ln(Q; + pt) H —— In /c + -;- ) 

k k 

+ a InT(a + fit) — b\n.Tk{a P fit) 


Then, 


^ ^ k k a + fit 


kap — bp 6,, a — b ,, ,,, 

- - - + -\nk-\ -—— +atjj{a + fit) - bipkia + fit) 

/C rC Qi \ 


afi'ip{a + fit) — bfi-fikia + fit) 

> 0 


That is as a result of Lemma 13.61 That implies h is increasing on t G (0, oo). Hence 
9 is increasing on t £ (0, oo) and for every t £ (0,1) we have, 

6»(0) < 9{t) < 0(1) 

yielding the result. 


4. Concluding Remarks 

We dedicate this section to some remarks concerning our results. 

Remark 4.1. If in Theorem [Q we set a = b = fi = 1, then the inequalities in ([9]) 
are restored. 

Remark 4.2. If in Theorem 13.81 we set a = b = fi = 1, then the inequalities in (fTOll 
are restored. 

Remark 4.3. If in Theorem 13.91 we set a = b = fi = 1, then the inequalities in (HU) 
are restored. 

With the foregoing Remarks, the results of i, m and [7] have been generalized. 
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